INTRODUCl ION
The essential ingredients which enter a Linear Elastic Fracture Mechanics (LEFM) analysis are stress intensity factors and fracture toughness. These quantities can be used to predict fracture initiation loads as well as the direction of crack propagation. Stress intensity factors have been obtained for a large variety of loadings and specimen geometries. In most of these analyses cracks are modeled as discontinuities possessing smooth and frictionless surfaces. For Mode-I type loadings the assumption that the surfaces of a crack are smooth and frictionless i s quite satisfactory, but for Mode-I1 loadings or mixed-mode loadings this assumption may lead to erroneous results if the crack surfaces are tortuous and/or offer frictional resistance to sliding. For such problems the effects of tortuosity and friction must be accounted for in order to capture the physics of the phenomena and to correctly assess the stress intensity factors. This can be seen by considering the crack shown in figure l(a). Let us assume that this crack was modeled as being smooth and frictionless. If a far-field shear stress (an apparent Mode-I1 loading) is applied to this crack, the model would predict a zero Mode-I stress intensity factor. In reality, the Mode-I stress intensity factor is not zero, since the displacement of a point along the surface of the crack has b o t h a normal and a t a n g e n t i a l component. The t a n g e n t i a l component w i l l r e s u l t i n a Mode-I1 s t r e s s i n t e n s i t y , w h i l e t h e normal component w i l l r e s u l t i n a Mode-I s t r e s s i n t e n s i t y .
Cracks o f t h e t y p e shown i n f i g u r e l ( a ) have been observed i n many p o l yc r y s t a l l i n e and aggregate m a t e r i a l s . Some examples a r e metal, ceramic, conc r e t e and b r i t t l e geo-and b i o -m a t e r i a l s such as rock and bone, r e s p e c t i v e l y . Methods o f a n a l y s i s f o r mixed-mode f r a c t u r e due t o t o r t u o s i t y a r e p r i m i t i v e . Clech e t a l . ( r e f . 1 ) have observed and analyzed t o r t u o u s cracks propagating along t h e i n t e r f a c e between cancellous bone and t h e cement which binds an a r t if i c i a l j o i n t t o i t . T h e i r a n a l y s i s considered f a i l u r e under Mode-I l o a d i n g , where t h e t o r t u o s i t y was modeled as a n o -s l i p i n t e r f a c e . The q u e s t i o n a r i s e s as t o what would be the most e f f i c i e n t way t o model t h e problem i f t h e s t r u ct u r e i s subjected t o mixed-mode l o a d i n g . One approach would be t o m o d e l -t h e geometry o f t h e crack surfaces e x p l i c i t l y i n a f i n i t e -e l e m e n t ( o r boundary element) mesh, assign a c o e f f i c i e n t o f f r i c t i o n t o t h e crack surfaces, and t o s o l v e t h e n o n l i n e a r s t r e s s a n a l y s i s problem. T h i s technique i s o b v i o u s l y cumbersome. Concrete i s another m a t e r i a l f o r which f r i c t i o n and t o r t u o s i t y p l a y a s i g n i f i c a n t r o l e d u r i n g crack propagation ( r e f s . 2 t o 5 ) . Recently, I n g r a f f e a e t a l . ( r e f . 5 ) , u s i n g t h e f i n i t e element method, have modeled f r i ct i o n a l i n t e r l o c k e f f e c t s i n concrete as d i s t r i b u t i o n s o f normal and shear stresses a l o n g the i n t e r f a c e between opposing crack surfaces. T h e i r model, however, does n o t account f o r t h e p r e v i o u s l y discussed c o u p l i n g between crack s l i d i n g displacements and crack opening displacements. Riggs and Powell prese n t a rough c r a c k model f o r the a n a l y s i s o f c o n c r e t e i n r e f e r e n c e 6. T h i s model possesses many d e s i r a b l e f e a t u r e s compared t o p r e v i o u s attempts a t rough crack modeling b u t i s complex and has a number o f e m p i r i c a l constants t h a t r e q u i r e s p e c i f i c a t i o n .
I n t h i s paper a model i s presented which can be used t o c h a r a c t e r i z e t h e e f f e c t s o f f r i c t i o n and t o r t u o s i t y a l o n g crack surfaces n an e f f i c i e n t and r e a l i s t i c manner. In t h i s model t h e crack surfaces a r e assumed t o be g l o b a l l y smooth, and t h e roughness and f r i c t i o n a r e i n c o r p o r a t e d through a c o n s t i t u t i v e law a t t h e i n t e r f a c e between opposing crack surfaces. T h i s c o n s t i t u t i v e law c o n t a i n s i m p l i c i t l y t h e c o u p l i n g between t h e t a n g e n t i a l and normal components o f t h e displacement o f a p o i n t on t h e i n t e r f a c e ( t h i s phenomenon i s r e f e r r e d t o as d i l a t a n c y ) , and can t h e r e f o r e g i v e r i s e t o Mode-I s t r e s s i n t e n s i t y f a ct o r s even when the a p p l i e d l o a d i n g i s a p p a r e n t l y Mode 11. CONS1 1 ' I U l I V E LAW I n , t h i s s e c t i o n we r e v i e w t h e development o f a n a l y t i c r e l a t i o n s between incremdhts UT crack s u r f a c e t r a c t i o n and crack s l i d i n g and opening d i s p l a c ements. This theory was f u l l y developed i n ( r e f . 7 ) and i s analogous t o t h e t h e o r y o f continuum e l a s t o -p l a s t i c i t y . The s u r f a c e between t w o bodies coming i n t o c o n t a c t i s assumed t o be g l o b a l l y smooth as shown i n f i g u r e 2 ( a ) .
A t t e nt i o n i s focused on a t y p i c a l p a i r o f i n i t i a l l y a d j a c e n t p o i n t s on t h e c o n t a c t s u r f a c e as -shown i n f i g u r e 2 ( b ) ; these p o i n t s a r e shown separated f o r c l a r i t y and the roughness t h a t t h e surfaces have i s n o t shown and w i l l be considered subsequently.
The t r a c t i o n t h a t i s supported by t h e crack s u r f a c e a t t h e c o n t a c t p o i n t i n q u e s t i o n has t a n g e n t i a l and normal components which a r e denoted by ut and on, r e s p e c t i v e l y . The crack s l i d i n g and opening displacements a t t h e c o n t a c t p o i n t p a i r a r e denoted by g t and gn, r e s p e c t i v e l y , ' w h e r e It is assumed that the relative displacements of the crack surface are additively composed of reversible (elastic) and irreversible (plastic) parts
where superscripts e and p denote the elastic and plastic parts of the deformation. In equation ( 3 ) . the plastic part represents the permanent deformation due to sliding (and perhaps damage), which has components in the normal direction (due to dilatancy) as well as i n the tangential direction. The elastic part represents deformations that occur independently of sliding such as, for example, presliding deformability. Such recoverable deformations have been observed in a large variety of experiments between materials such as metals, ceramics, and rocks (refs. 8 to 10). The stress that the interface supports is assumed to be related to the elastic part of equation (3) by where the summation convention is applied to repeated indices and the interface stiffnesses, the determination of which will be addressed short 1 y .
Eij are
To prescribe a method for determining the plastic displacements, it is necessary to assume that (1) a scalar valued slip function F = F(ut,q,, ...
can be defined such that F < 0 corresponds to presliding conditions, F = 0 corresponds to sliding and F > 0 i s not possible, and ( 2 ) there exists a linear relationship between increments of traction and plastic deformation. Under these assumptions, it can be shown (ref. 1 where k = R or L depending upon which asperity surface is active ( fig. 2(c) ).
Combining equations (3) to (5) and H is a hardening or softening parameter that can account for the damage of crack surface roughness. In this paper w e take H equal to zero.
The following remarks about the constitutive law should be noted:
(1) Equation (8) is an explicit relation between increments of crack surface tractions and the resulting crack sliding and opening displacements. Unlike some other theories for dilatant crack surface problems (ref. 12) in which equation (8) 
The theory presented in this section is essentially a "continuum" theory of friction except that we refer to continuum in the sense of continuous area rather than continuous volume. The traction components ut and an entering into the theory are the average or macroscopic stresses that the crack surface supports rather than the exact stresses. Furthermore, the global crack surface is smooth and the effects of roughness (e.g., dilatancy) are built into the slip rule and slip potential. ( 3) The use of the decomposition in equation (3) in conjunction with equation (4) can be considered a relaxation of compatibility of crack surface displacements consisting of impenetrability and presliding stick. In order to render the violation of compatibility insignificant, it is necessary to make the interface stiffnesses of the adjacent medium.
relatively large compared to the stiffness "d
In t is investigation, we take Ejj = Paij, where dij is the Kronecker delta and P is a penalty number. The penalty number has no physical significance and is chosen based on computational convenience. Values of P that are two to four orders of magnitude greater than the shear modulus of the adjacent medium were used and provided solutlons in which incompatibilities were extremely small. Larger values of P sometimes gave numerical difficulties due t o ill-conditioning while smaller values o f P gave slightly excessive incompatibility. (4) It is assumed in this research that the amount of tangential sliding is small enough so that the asperity peak o f one surface does not override that of the other surface. For situations in which this is not the case, the theory can be supplemented with an additional set of conditions as discussed in reference 7.
COMPLIANCE MAT R IX
The problem which will be solved to demonstrate the significance o f friction and tortuosity is shown in figure 1 . The singular integral equations that govern this problem are where T-is the far-field shear stress, ut and On are the shear and normal stresses applied to the crack surfaces, G is the shear modulus, k = 3 -4~ for plane strain, v being Poisson's ratio, and f(t) and e(t) are the dislocation densities, which are related to the crack sliding and crack opening displacements by 
which i s used t o reduce t h e I n t e g r a l equations t o a system o f a l g e b r a i c equat i o n s f o r unknown values o f e ( t ) and f ( t ) a t d i s c r e t e p o i n t s i n t h e i n t e rv a l [-1.11. W i t h the a i d o f t h e compliance m a t r i x , i t w i l l be p o s s i b l e t o o b t a i n t h e c r a c k opening and crack s l i d i n g displacements f o r a g i v e n s t r e s s d i s t r i b u t i o n on the crack surfaces by s o l v i n g simultaneous a l g e b r a i c equations and hence, t h e need t o r e p e a t e d l y s o l v e t h e i n t e g r a l equations and i n t e g r a t e the d i s l o c a t i o n d e n s i t i e s i s e l i m i n a t e d .
The procedure f o r o b t a i n i n g t h e comp l i a n c e m a t r i x i s described i n d e t a i l i n r e f e r e n c e 14 and i s o n l y reviewed here. F o l l o w i n g ( r e f . 13), f ( t ) and e ( t ) a r e expressed by -1 /2 (16) 2 -1 /2 e ( t ) = J r ( W 1 -t 1 2 f ( t ) -7 + ( t ) ( l -t ) and cp(t) and Jr(t) a r e approxtmated as piecewise q u a d r a t i c on t h e i n t e rv a l [-1.11.
The r e s u l t i s t h a t t h e i n t e g r a l equations a r e reduced t o a system of a l g e b r a i c equations through t h e quadrature formulas g i v e n i n ( r e f . 13). 
) , N i s t h e number o f i n t e g r a t i o n p o i n t s , N -1 i s t h e number o f c o l l o c a t i o n p o i n t s , and t h e weights Wi(Xk) and v i , as w e l l as t h e c o l l o c a t i o n p o i n t s x i and i n t e g r a t i o n p o i n t s t i a r e g i v e n i n ( r e f . 13) ( t h e l o c a t i o n s o f t h e i n t e g r a t i o n and c o l l o c a t i o n p o i n t s a r e shown s c h e m a t i c a l l y i n f i g u r e 3 ( a ) ) . These equations can be w r i t t e n as where m a t r i c e s [ L ] and [MI represent t h e nodal values o f t h e stresses a l o n g t h e crack surfaces and the crack c l o s u r e c o n d i t i o n s . To o b t a l n t h e compliance m a t r i c e s f o r the crack the i n v e r s e o f m a t r i x [ G I i s obtained, and t h e p r o d u c t i s i n t e g r a t e d term by term t o o b t a i n a m a t r i x oi t h i s m a t r i x and ( 1 -t ) [ C ] which w i l l be c a l l e d t h e compliance m a t r i x f o r t h i s p a r t i c u l a r geometry. l h i s m a t r i x w i l l r e l a t e the values o f crack s l i d i n g displacements ( o r crack opening displacements) a t t h e i n t e g r a t i o n p o i n t s t o t h e values o f t h e shear ( o r normal) s t r e s s e s a t the c o l l o c a t i o n p o i n t s , t h a t i s
where is a rectangular matrix with dimensions (N,N-l.. We wish to point out that'kecause of the technique employed to determine the compliance matrix, the locations at which the crack opening and crack sliding displacements are determined (ie., the integration points) are different from the locations of crack surface tractions (i.e., the collocation points). Furthermore, the number of displacement points is one greater than the number of stress points. In order to eliminate the computational difficulties associated with differing numbers of collocation and integration points, we present in the following section a method for rendering the compliance matrlx square. which i s a system o f simultaneous n o n l i n e a r a l g e b r a i c equations t o be solved f o r t h e incremental crack opening and s l i d i n g displacements. By t a k i n g small increments i n f a r -f i e l d shear loading, good convergence was a t t a i n e d i n t h e numerical work, where {EeP) was computed a t each s t e p u s i n g t h e dlsplacements t r e s s c o n f i g u r a t i o n from t h e previous step and t r e a t i n g e q u a t i o n (31) as l i n e a r w i t h i n each l o a d increment.
i t h s i m i l a r d e f i n i t i o n s f o r {dgn) and {dun). d-r, i s a v e c t o r w i t h N-1 components, each equal t o t h e increment i n t h e a p p l i e d l o a d i n g . same, t h e l o c a t i o n s o f these p o i n t s a r e d i f f e r e n t as shown i n f i g u r e 3 ( b ) . c o n s t i t u t i v e law given by Eq. ( B )
, however, r e l a t e s t h e crack s u r f a c e s t r e s s e s a t a p o i n t t o t h e displacements a t t h e same p o i n t . The crack displacements a t t h e s t r e s s p o i n t s can be expressed i n terms o f those a t t h e i n t e g r a t i o n p o i n t s by i n t e r p o l a t i o n . For example, t h e r e l a t i o n between t h e crack s l i d i n g d i splacements a t t h e s t r e s s p o i n t s and t h e c o l l o c a t i o n p o i n t s i s g i v e n by
Although t h e number o f displacement p o i n t s and s t r e s s p o i n t s a r e now t h e

RESULT-S
The problem shown i n f i g u r e 1 was solved f o r t h e v a r i o u s combinations o f m a t e r i a l p r o p e r t i e s l i s t e d i n t a b l e I. Figures 4 t o 6 a r e p l o t s o f s t r e s s i n t e n s i t y f a c t o r s as f u n c t i o n s of t h e f a r -f i e l d shear s t r e s s f o r s e v e r a l values o f t h e u n i f o r m a s p e r i t y angle a. I t can be seen f r o m these f i g u r e s t h a t as a increases, KI increases, w h i l e KII decreases.
The reason f o r t h i s i s t h a t f r i c t i o n a l r e s i s t a n c e and t h e k i n e m a t i c c o n s t r a i n t p r o v i d e d by t h e jagged surfaces r e s i s t crack s l i d i n g displacements and t h e r e f o r e reduce The d i l a t a n c y , on the o t h e r hand, produces a normal gap between t h e crack surfaces, t h e r e f o r e i n c r e a s i n g KI. t h a t r e s u l t i n crack initiation according t o t h e maximum p r i n c i p a l s t r e s s c r i -
KII.
The curves i n f i g u r e s 4 t o 6 have been t e r m i n a t e d a t t h e values of T , t e r i o n ( r e f . 15), which p o s t u l a t e s t h a t crack growth w i l l occur i n a d i r e c t i o n p e r p e n d i c u l a r t o t h e maximum p r i n c i p a l s t r e s s t o t h e v a l u e of up i n an equivalent Mode-I case. The angle a t which t h e c r a c k w i l l extend w i t h r e s p e c t t o the h o r i z o n t a l i s g i v e n by r e f e r e n c e 15. As seen from these curves, t h e e f f e c t o f t o r t u o s i t y and f r i c t i o n i s t o i n c r e a s e t h e f r a c t u r e s t r e s s and t o decrease t h e a n g l e o f extension. I n order t o separ a t e t h e e f f e c t s o f f r i c t i o n f r o m those o f t o r t u o s i t y , t h e case o f s t e e l was analyzed f o r various c o e f f i c i e n t s o f f r i c t i o n . I t can be seen f r o m f i g u r e 7 t h a t f r i c t i o n has a s i g n i f i c a n t e f f e c t on t h e f r a c t u r e s t r e s s . When a = 40° and p = 0.0, t h e i n c r e a s e i n f r a c t u r e s t r e s s w i t h r 
DISCUSSION
From t h e r e s u l t s obtained i n t h i s i n v e s t i g a t i o n , i t can be concluded t h a t f r i c t i o n and t o r t u o s i t y have a s i g n i f i c a n t e f f e c t on crack t i p s t r e s s f i e l d s when a crack i s subjected t o mixed mode l o a d i n g . I n t h e example problems solved i n t h i s paper t h e increase i n f r a c t u r e s t r e s s (as p r e d i c t e d from t h e maximum p r i n c i p a l s t r e s s t h e o r y ) w i t h r e s p e c t t o zero f r i c t i o n and t o r t u o s i t y ranged f r o m 3 t o 100 percent. maximum p r i n c i p a l s t r e s s theory were a l s o a f f e c t e d by t h e Mode-I s t r e s s i n t e ns i t y which a r i s e s from t h e d i l a t a n c y o f t h e i n t e r f a c e between opposing crack surfaces.
The crack e x t e n s i o n angles as p r e d i c t e d from t h e Although t h e use o f t h e compliance m a t r i x developed i n s e c t i o n 3 renders t h e numerical problem very a t t r a c t i v e , i t i s l i m i t e d t o simple geometries. The e f f e c t s o f t o r t u o s i t y and f r i c t i o n i n problems w i t h a r b i t r a r y geometries can be c o n v e n i e n t l y analyzed u s i n g t h e c o n s t i t u t i v e law i n c o n j u n c t i o n w i t h t h e f i n i t e element method o r boundary element method. 
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